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Transient Thermal Analysis for Heating a Translucent Wall
with Opaque Radiation Barriers

Robert Siegel*
NASA John H. Glenn Research Center at Lewis Field, Cleveland, Ohio 44135

The transient analysis of thermal behavior in translucent media including radiative transfer becomes compu-
tationally complex for a multiple-layer composite. A convenient method is developed here for analyzing combined
radiation and conduction in a composite wall of translucent and opaquelayers. The translucent layers transfer ra-
diation by combined transmission, absorption, emission, and scattering. Metal layers can be required for strength
of the composite or to protect ceramic surfaces from a reactive environment. Opaque layers within a translucent
ceramic can be used to decrease radiant transmission that may degrade the ceramic insulating ability. The two-flux
method is used to determine the local heat source produced by radiation in the translucent layers. The differential
equation for the radiative flux in the two-flux method is solved with Green’s functions that include the opaque or
translucent boundary conditions of each translucent layer. Finite difference relations are derived for the transient
energy equation,such that the calculated temperature distributions provide good accuracy for energy conservation
during the transient. The solution technique is applied to illustrate radiation effects in a composite with one or two
translucent layers, with and without opaque layers at the outer boundaries, or between the translucent layers.

Nomenclature

a = absorption coefficient of translucent material such as
a ceramic, m™!

By, B, = quantities, 2R,/ 3xp, 2R,/ 3kp _

C,D = coefficients in homogeneous solution for G

Coe = property ratio, p,, ¢,/ pcCe

Cer Cp = specific heats of translucent material and of metal or
opaque material, J/kg K

G = flux quantity in the two-flux method, W/m?;
G is G/ oT}

G, = homogeneous part of the G function, W/m?;
Gh is Gh/ O'TI-4

21,8 = Green’s functions for radiative heat source in
translucent material

H = dimensionless parameter, i/ 6T}

hy, h, = convective heat transfer coefficients at outside
surfaces of composite (Fig. 1), W/m? K

ke, kp, = thermal conductivitiesof translucent material and of
metal or opaque material, W/m K

m = quantity, xp[3(1 — Q)12

N. = conduction—radiation parameter, ./ 407"1.36(.

n = refractive index of translucent material

q, = radiative flux in x direction, W/m?; g, is ¢,/ o T}

Grot = total energy transfer at steady state by combined
radiation and conduction, W/m?

Gl,,q2, = dimensionlessradiation fluxes within first and second
translucentlayers

qr1, 4> = external radiation fluxes incident on outer surfaces
of composite (Fig. 1), W/m?

Gr1, G = dimensionlessradiation fluxes, g,1/ oT}* and g,/ oT;*

R;, R, = quantities, (1+p;)/ (1 —p;), (1 —p,)/ (1 —p;)

R, = quantity, (2 — €,,;)/ €n;

T = absolute temperature, K

T,1, T, = gas temperatures for convection at outer boundaries

(Fig. 1), K; 1, is T,/ T;
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T; = initial uniform temperature (used as a reference
temperature), K

T;1, T, = temperatures of blackbody radiative surroundings
at two sides of composite, K
t = dimensionless temperature, 7/ T;
X = coordinatein a translucent layer (Fig. 1), m; X is x/ &,
S, O = thicknesses of translucent coating and of metal
or opaque material, m
€mi> €mo = emissivities of metal or opaque layer at inner and

outer surfaces; Figs. 1b—1d
0 = time, s

K = optical coordinate, (a + o;)x

Kp = optical thickness of translucentlayer, (a + o;)d.

Pes Pm = densities of translucent coating and of metal or
opaque material, kg/m3

Pos Pi = external and internal reflectivities at a translucent
boundary; Fig. 1a

c = Stefan—Boltzmann constant, W/m? K*

oy = scattering coefficient in translucent material, m~'

v = dimensionless time, (407"1.3/p(.c(.6(.)9

Q = scattering albedo of translucent material, o/ (a + o)

Subscripts

c = translucentlayer such as a ceramic

8 = gas

h = homogeneous solution

J.k = grid points in translucent layers, where j is O, ..., J,
kisO,..., K (Fig.2)

m = metal or opaque layer

n = time increment

Introduction

OME ceramics, such as zirconia, that may be used for high-

temperature applications, such as in turbine engine combustors
and diesel engines, are partially transparent for radiative energy
transfer.? At elevated temperatures, the temperature distributions
and heat flows in these ceramics can be affected by internal emission
and by absorption and scattering of incidentradiation. As tempera-
tures are raised to obtain higherengine efficiencies,internalradiative
transfereffects are increased and may need to be consideredin more
detail. Radiative transfer can act as an apparentincrease in thermal
conductivitythatcandegradethe effectivenessof a high-temperature
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ceramicinsulatingmaterial. It is necessary to quantitativelyestimate
the radiation effects for both steady and unsteady conditions and if
necessary provide a means for reducing radiative transfer.

A possible reduction method is to place opaque radiation shields
within the ceramic, such as thin metal layers with a high melting
temperature. Metal layers might alsobe used at outer surfaces as pro-
tectionof the ceramic from corrosivecombustiongases and for struc-
tural support. The result is a composite of translucent and opaque
layers. For some applications, transient temperature responses to
variable heating are needed for evaluating thermal performance and
stresses. The radiative effects on transientresponses can be complex
in a high-temperature composite where there is large internal emis-
sion and multiple reflections between boundaries. For translucent
materials, numerical procedures are usually used to solve the tran-
sient energy equation coupled with the radiative transfer relations ?
The computationsbecome more extensive as the number of translu-
cent layers is increased in the composite *~°

This paperdevelopsa convenientanalytical and numerical proce-
dure for obtaining transient temperature distributions within com-
posites of translucent and opaque layers. Finite difference relations
are developed to solve the energy equation for transient tempera-
tures in the translucentlayers and to include the heat capacity of the
opaque layers. At each time step the solution requires the local heat
source producedby radiative transferin each translucentlayer. In the
literature, both exact and approximate formulations have been used
to evaluate the radiative contribution. With general external condi-
tions of convection and radiative exchange for a translucent layer
with diffuse surfaces, it has been found that the two-flux method
yields temperature distributions that compare well with those from
more exact methods. This includes large scattering as needed for a
ceramic material such as zirconia.”

The two-flux method is used here, and, for simplicity, isotropic
scattering is assumed. The two-flux equations provide a second-
order differential equation that must be solved to evaluate the in-
ternal radiative source in each translucent layer at each time. The
differential equation is solved here by using Green’s functions?
Three Green’s functions are employed to account for the various
boundary conditions that must be satisfied for the solution in each
translucent layer. Relations are provided for boundaries where the
translucentlayer has an adjacent opaque layer and for a translucent
layer without an opaque layer on one or both boundaries so that
radiation can pass through an exposed translucent boundary.

Illustrative results for heating a composite demonstrate the tran-
sient behavior when translucentlayers are present as compared with
all layers being opaque. For the opaque limit, radiant absorption
and emission occur only at the external surfaces. The heating of a
translucentlayer with translucentboundariesis contrasted with that
of a translucent layer with a thin opaque layer at one or both of its
boundaries. The effectis also shown of placing a thin opaque layer
between two translucentlayers.

Analysis

The geometry consists of translucent layers combined with thin
opaque metal layers in composites as shown in Figs. 1a—1d. The so-
lution method is applied for these geometries, but the relations are
valid for a larger number of layers. Illustrative numerical results are
obtained for a translucentlayer that is bare on both sides, a translu-
cent layer with a thin opaque layer on one side, a translucentlayer
with a thin opaque layer on each side, and two translucent layers
with an opaque layer between them and with an opaque layer at each
external boundary. Each translucentlayer is an absorbing dielectric
material that is heat conducting, has a refractive index larger than
one, and is assumed isotropically scattering, gray, and with diffuse
boundaries. For the illustrative results here, all of the translucent
layersin a composite have the same properties. To begin a transient,
each external boundary is exposed to radiative surroundings and to
convectionby a transparentgas. Transient temperature distributions
are obtained, and results at steady state are compared with indepen-
dent steady-state calculations using the methods in Refs. 7-9. The
gray relations given here can be extended to nongray properties, as
done for steady solutionsin Ref. 9.
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d) Two translucent layers with opaque layer between them and at outer
boundaries

Fig. 1 Geometry and nomenclature for transient radiation and con-
duction in single and composite layers of translucent and opaque mate-
rials with external boundaries subjected to radiation and convection.

Energy Equation and Two-Flux Relations for Translucent Layer

The transient energy equation will be solved in each translucent
layer. Each opaque layer is assumed to be thin and to have a suffi-
ciently high thermal conductivity that it has a uniform temperature
distribution at any time. The heat capacity of each opaque layer is
included, and its temperature is assumed equal to the temperature
of the adjacentboundary of the translucentmaterial. These assump-
tions are incorporated into the finite difference relations developed
in Appendix B. The dimensionless energy equation for transient
temperatures in each translucentlayer for constant thermal proper-
ties is'?

or. 0, 10g,

— =N.— 1
ov ‘oXr 40X ()
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The —(i)ac},.(X, v)/ 0X term is the local heat source from radiative
transfer, including effects of interactions with the boundaries. It
is obtained from two-flux relations in terms of the instantaneous
temperature distribution in the layer and the surrounding radiative
conditions. The two-flux equations are’

2, (X, G

DD = (- Q@ v -G ] e
aG(X .
XD 3 x. v (2b)

Boundary and Initial Conditions

As shown in Fig. 1, each boundary of a translucentlayer is either
exposed directly to the surroundings or is bounded by an opaque
material. For a gray translucent layer with a translucent boundary,
there is no radiative absorptionat the plane of the boundary because
radiativeinteractionrequires a volume of material and the boundary
itself has no volume. Hence, for a translucent boundary exposed
to external radiation and convection, the boundary condition is a
balance of only convection and conduction so that at x =0 and 6.
in Fig. 1a the conditions in dimensionless form are

ot
_4NL_ = Hl [tgl - tc(Os U)] (33)
o0X
X=0
ot
4N, — = Hy[t — 1.(1, V)] (3b)
oX |, _,

If there are opaque boundaries at x =0 and &, as in Fig. 1c or
1d, the assumption is made that each thin opaque layer has a suffi-
ciently high conductivity, such as for a metal, that its temperature
is uniform and is equal to that of the adjacent translucent mate-
rial. The boundary conditions then equate the conduction into the
translucentlayer and the rate of internal energy increase of the thin
opaque layer to the convection supplied to the external boundary
of the opaque layer and the radiation absorbed at both the external
and internal opaque boundaries, where the surface properties of the
opaque layer are assumed gray. Because the net radiative flux in
the translucent material is not transmitted into the opaque layer, the
radiative flux providesthe radiative energy absorptionin the opaque
layer at the interface with the translucentlayer. This energy balance
is discussed in more detail in Appendix B, where the finite differ-
ence relations are formulated. The resulting boundary conditions
are

an el e, 22O 0. 0)]
- S me o T A = — (U, v
x|, _, 5 ov et
+ €mo[@n — 120, v)] = G,(0, v) (42)
o1, 5, ot.(1, v)
4N, =<|  44C, = = Hlt, — (1,
X . 5, 20 L) (1, v)]
+emo|dr — (1, )] + 4.(1, v) (4b)

ForFig. 1b, where there is one transparentand one opaque boundary,
conditions (3a) and (4b) are used.

Boundary conditions must also be provided for solving the two-
flux equations (2a) and (2b) for evaluating the local radiative heat
source term for use in Eq. (1). Considering incident and reflected
fluxes at an interface of a translucentmaterial, and emission, absorp-
tion, and reflection by an adjacentopaque layer, radiative boundary
relations were developedin Ref. 8 for a translucentlayer with a clean
exposed boundary and with a boundary that is at the interface with
an opaque substrate. For a clean boundary at x =0 that is directly
exposed to the surrounding radiative environment,

= 4Roqu (Sa)

For aboundarysuch as at x = &, in Fig. 1b, correspondingto X =1,

2R, 8G
3kp 0X |,

G(1,v) + = 4n*t!(1, v) (5b)

=1

For a transient solution, initial temperatures must be specified
in the composite. The initial condition for the present results is a
uniform temperature 7; in all translucent and opaque layers, 7,.(x,
0=0)=71,(60=0)=T,;. Nonuniform initial temperatures could
also be used, where T; in the analysis would then be selected as
any convenientreference value that characterizesthe range of initial
temperatures.

Green’s Function for 8¢,(X, 7)/0X

By combining Egs. (2a) and (2b) to eliminate ¢, and by let-
tingm = kp[3(1 — Q)]"/2, a differential equation is obtained for the
G(x, 0) functionin each translucentlayer,

d2—G —m2G(X, v) = —dm*nt* (X, v) (6)

dx? ’ e
This was solved by developing Green’s functions for Eq. (6) using
the types of boundary conditions as in Egs. (5a) and (5b). There
are three different Green’s functions, as derived in Refs. 7-9, for
the conditions of both translucent boundaries exposed directly to a
radiative environment, one translucent boundary exposed and the
other adjacentto an opaque layer, and a translucentlayer contained
between two opaque layers. The three Green’s functions with their
correspondinghomogeneoussolutionsare summarizedin Appendix
A using a common notation. By using these functions, the general
solution of Eq. (6) at each time is obtained by adding the homoge-
neous solution to the nonhomogeneous contribution evaluated by
integrating the Green’s function multiplied by #*(X, v): This yields

X
G(X, v) = G, (X, v) + 4mn* f &(X, OH(E v dg
E=0

1
+ f (X, Ol (&, v dg @)

=X

Finite Difference Relations and Numerical Evaluation

The transient energy equation must be solved for the layers in
the composite with an internal heat source in each translucentlayer.
Solutions were obtained using finite differencerelationsas provided
in Appendix B. As shown in Fig. 2, various difference equations are
required at the boundaries of the translucent material to account for
eithera boundary thatis clean and exposedorisin contactwith a thin
opaque layerat an outerboundaryorinternally (Fig. 2). Each opaque
layer is sufficiently thin and of high conductivity so its temperature
can be assumed uniform at each time. A finite differenceequationis
written for an arbitrary interior point in the translucent material, for
aboundary point when the translucentboundary is directly exposed
to the radiative and convective environment, for a point at an outer
boundary of a translucent layer that is adjacent to a thin opaque
metal layer, and for a boundary of the translucent material adjacent
to a thin interior metal layer. The heat capacity of the thin opaque
layers is incorporatedinto the finite difference formulations for the
grid points at the interfaces of translucent and opaque layers.

To start a calculation, the radiative heat source in Eq. (1) is cal-
culated from Eq. (2a) by evaluating G(X, v) from Eq. (7) using the
specified initial temperature. The required Green’s function for Eq.
(7) was evaluated from the appropriate relations in Appendix A for
each translucentlayer. In Eq. (7), the homogeneoussolutionin each
layer was evaluated from Egs. (A6—A9) in Appendix A. Double pre-
cision was used for all evaluations, and Romberg integration in an
available computer subroutine was used for the integrals in Eq. (7).
After advancingthe temperatures each time increment by use of the
finite differenceequations, the radiativeheat source was reevaluated
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Fig. 2 Nomenclature for finite difference relations for a translucent
material adjacent to an opaque layer.

from Egs. (7) and (2a) using the new temperature distributions in
each translucentlayer.

For stability in the transient solution, the explicit finite differ-
ence method required small dimensionless time increments such as
A v~ 1073 as estimated from the standard criterion for the transient
heat conductionequation. It was found that 20 spatial incrementsin
a single translucent layer, or 10 increments in each of two translu-
cent layers, gave good accuracy as tested by reducing increment
size to one-half and time step size to one-quarter to retain stability.
An overall heat balance was made for each time step to compare
the sum of incidentradiation and convectionto the boundariesof the
composite, with the total of radiation leaving the composite and the
change in the composite internal energy; the balance was within
a few tenths of 1% using the finite difference relations developed
here.

To compare with the steady-statelimitapproachedby the transient
solution, the temperature distribution at steady state was evaluated
independently, and very good agreement was obtained. The basic
procedure used for the independentsteady-state method is the same
for the various configurationsin Fig. 1, but the details differ to allow
for having various opaque barriers. The procedures for steady-state
solutions are in Refs. 8 and 9.

Results and Discussion

An analytical and numerical procedure was developed to obtain
the transient thermal response of a composite wall composed of
one or more translucentlayers separated by opaque radiation barri-
ers, and with or without opaque layers at the external boundaries.
Radiative heating within each translucent region was evaluated by
solving a two-flux differential equation by using Green’s functions
that incorporate the radiative boundary conditions for either a clean
exposed translucent boundary or a translucent material adjacent to
an opaque radiation barrier. Explicit finite difference relations for
the transient energy equation were derived to include radiative ef-
fects at the interfaces of the translucent and opaque layers along
with the heat capacity of the opaque material.

The transient solutions that will be shown are to demonstrate the
method and illustrate some of the transient heating characteristics
when a material is translucent as compared with being opaque. For
transients in a composite, there are many independent quantities
such as the material properties including the density and heat ca-
pacity, the radiative and convective heating at the boundaries, the

surface emissive properties of the opaque layers, and the optical
properties of the translucentmaterials. Consequently, it is not feasi-
ble to do a parametric study of all of the variablesinvolved. The pri-
mary objective of this paper is to provide a method that can be used
for design studies to evaluate the significance of some composite
layers being translucent. The densities and heat capacities selected
for illustration are like those for zirconia and stainless steel, and the
refractive index is like that for zirconia. The optical thickness of
the layers was such that radiation in them would be significant, and
the possible importance of radiation would, therefore, be demon-
strated. The physical thicknesses of the translucent material was
chosen as 2 mm, and the opaque barriers that are considered to
be thin metal layers in the examples that follow are 0.1 mm thick.
The heat transfer coefficients and temperatures are in the ranges for
turbine engine combustion chambers.

The temperatures in Fig. 3a show the transient response of an
opaque layer 2 mm thick with the thermal properties of zirconiaand
without any metal layers at its boundaries (Fig. 1a); these are the
same thermal properties as for the translucent layers in Figs. 4-6.
The surface reflection properties were obtained using the Fresnel
equations assuming diffuse interfaces with a refractive index of
n =2 forzirconia.The parameters(Fig. 3) are as follows: §. = 2 mm,
k.=0.8 W/mK, c.=570 J/kgK, p.=5200 kg/m*, h=h,=
250 Wim?K, T;=300 K, T,;, =T,;=2000 K, and T, =T,, =
300 K. Starting at a uniform temperature of 7; =300 K, the layer
was exposedto a 2000 K black environmentand to convectinggas at
2000 K on the side at x =0. The side at x = 9. is cooled by radiation
in a 300 K black environmentand by convecting gas at 300 K. With
the layer opaque, there is only internal heat conduction, but radiation
is presentto and from the boundaries. The times during the transient
in Fig. 3a are given in seconds. The onset of the transient provides
rapid heating at and near x = 0, with the region near x = &, being
much slower to respond. At larger times, the transient distributions
gradually change toward a linear shape, and the linear steady-state
temperature distribution is approached after 20 s of heating. These
results are for comparison with Figs. 3b—6.

For Fig. 3bthe same conditionsare used as in Fig. 3a with the layer
in Fig. 1a now made translucent with gray properties, no scattering,
and an optical thickness of kp = ad. = 2. With radiative penetration
through the boundary x =0 from the 2000 K black surroundings,
the temperatures in the region near x = 0 rise more slowly, but ra-
diant transmission increases heating near the boundary at x = 9,.
Compared with Fig. 3a, translucence reduces the temperature gra-
dients in the layer as a result of the augmented ability for energy
transport by radiative transfer and by internal reflections that tend
to distribute energy across the layer. The approach to steady state
is slightly more rapid than for the opaque layer in Fig. 3a as a re-
sult of radiant propagationinto the layer to provide internal heating;
this provides a faster time response compared with having only en-
ergy diffusion by heat conduction. The temperatures are approach-
ing steady state after about 15 s. The temperatures reached in 20 s
agree very well with those for steady state that were calculated in-
dependently using the method in Ref. 8 modified with the boundary
relations in Ref. 7. The steady-state temperature distribution for an
opaque layeris included from Fig. 3a. Translucence produces more
uniform steady-state temperatures as a result of increased energy
transfer ability in the layer by radiation added to heat conduction
and by redistributionof energy by multiple internal reflections. The
temperatures near x =0 are decreased by translucence, but those
near x = &, are increased. The steady-state heat transfer through the
layer g, by combined radiation and conductionis also shown and
compared with that for an opaque layer where there is radiationonly
at the boundaries. The heat transferred through the translucentlayer
is almost twice that for an opaque layer.

In Fig. 4 the translucent layer in Fig. 3 is modified by having a
thin opaque layer on the cooled side that prevents radiation from
being transmitted completely through the entire layer (Fig. 1b). The
parameters (Fig. 4) are as follows: 6. =2 mm, &, =0.1 mm, k. =
0.8 WmK, k,, =33W/mK, c.=570J/kgK, c,, =460J/kgK, p. =
5200kg/m’, p,, =7800kg/m*, n =2 (p; =0.79015, p, = 0.16060),
a=1000m™', o, =0, ¢,; =0.3, €,,, =0.3, h; = h, =250 W/m* K,
T; =300K, T;; = T,; =2000 K, and T}, = T,, = 300 K. For a bare
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Fig. 3 Transient temperatures in a single layer exposed to radiation

and convection on both sides following suddenly applied heating at one
side.

layer, the reflectivity from the inside of a translucent boundary is
producedpartly by ordinary reflection at the boundary and mostly by
total internal reflections within the high index of refraction material;
forn =2 this gives p; = 0.790 for a diffuse surface.For the thin metal
layer, which was selected as stainless steel, the emissivity was cho-
sen as €,,; = 0.30 so the reflectivity from the metal into the translu-
cent material is p; =1 —¢,,; =0.70; hence, the extent of internal
reflection has not been changed very much for comparing Figs. 3b
and4. The metal layeris ZLOth of the thicknessof the zirconia,and this
addsasmallheatcapacity. The thin metal plateis notdrawn on Fig. 4,
but has the same instantaneous temperature as the translucentlayer
atax =2 correspondingto x = & =2 mm. The steady-statetemper-
aturedistributionfor the opaquelimitis changedsomewhat from that
in Fig. 3b because absorption and emission at the external surface
of the metal (at x = &, + &,,) with¢,,, = 0.3 has replaced the translu-
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Fig. 4 Transient temperatures in a single translucent layer in a com-
posite with a single opaque layer, exposed to radiation and convection
on both sides following suddenly applied heating at the side without the
opaque coating.
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Fig. 5 Transient temperatures in a single translucent layer in a com-
posite with an opaque layer at both boundaries, exposed to radiation
and convection on both sides following suddenly applied heating at one
side.

centboundary at x = &, for the resultsin Fig. 3b. At steady state, the
transient results are in very good agreement with the steady-state
distributioncalculatedindependently by using the method in Ref. 8;
by extendingto longer times, the transientand steady-statedistribu-
tions coincideas in Fig. 3a. That radiant energy cannot pass through
the material to the cooled environment because of blockage by the
metal layer provides increased retention in the composite of energy
provided by the high-temperatureenvironmenton the left side. This
produces higher steady-state temperatures than in Fig. 3b. It also
reduces the steady-state heat flow through the composite.

The change from Fig. 4 to 5 is that a second metal layer of the
same thickness as for Fig. 4 at ax =2 (at x = &) is now placed on
the boundary at x =0 so it is the metal layer that is exposed to the
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Fig. 6 Transient temperatures in a composite of two translucent layers
with an opaque layer between them and with an opaque layer at each
external boundary, exposed to radiation and convection on both sides
following suddenly applied heating at one side.

incident radiation from the 2000 K black environment; this corre-
spondsto Fig. 1c. The parameters (Fig. 5) are as follows: §, = 2 mm,
8, =0.1 mm, k. =0.8, k,, =33, c. =570 J/kgK, ¢,, =460 J/kgK,
p. =5200 kg/m?, p, =7800 kg/m’*, n=2 (p; =0.79015, p, =
0.16060), @=1000 m~', o, =0, €,;, =0.3, €,,=0.3, h1 =h, =
250 Wim?K, T; =300 K, T,; =T,;=2000 K, and T, =T,, =
300 K. Compared with a bare layer that has a reflectivity of
p, =0.161 for a diffuse surface of a material with a refractiveindex
of n =2, the metal reflectivity is 1 —€,,, =0.7. Hence, the metal
reflects away significant incident radiation, in addition to prevent-
ing direct passage of radiation into the layer from the hot environ-
ment. There are now opaque absorbing and emitting boundaries at
both sides of the translucentlayer. There is still significant radiation
transportinside the translucentlayer when its temperature becomes
elevated, which produces temperature distributions that are much
more uniform than in Fig. 3a, where there is only heat conduction.
The dashed line for the steady-state distribution when the entire
compositeis made opaqueis changed as a result of increasedreflec-
tion of the incidentradiation from the left side of the composite. This
shielding effect by the metal layer on the high-temperature side of
the composite reduces the transient response compared with Fig. 4
so that a longer time is required to approach steady state, and the
steady-statetemperaturesare reduced. The steady-stateheat transfer
through the composite is also substantiallyreduced. At steady state,
there is very good agreement with results calculated independently
by using the steady-state method in Ref. 9.

For Fig. 6, the translucent layer has been divided into two equal
thicknesses as in Fig. 1d. The parameters (Fig. 6) are as follows:
8. =1 mm for each layer, 5, =0.1 mm for each layer, k. = 0.8,
k, =33, c. =570 J/kgK, c,, =460 J/kgK, p. = 5200 kg/m?, p,, =
7800 kg/m?, n=2 (p; =0.79015, p, =0.16060), a =1000 m~!,
0,=0, €,; =0.3, €,,=0.3, by =hy, =250 W/m?>K, T; =300 K,
T,y =T, =2000K, and T, = T,, = 300K. Eachlayerhasan optical
thicknessof kp =ad. = 1. Compared with the composite for Fig. 5,
an additional metal shield has been placed along the centerplane
of the composite between the two translucent layers (see Fig. 1d).
The central shield blocks direct radiative transmission between the
first and second translucentlayers and compared with Fig. 5, which
does not have an internal shield, the temperatures are increased in
the first layer and reduced in the second layer. At steady state, the
temperatures approach somewhat more closely to the limit when
the entire composite is opaque. The steady-state temperature distri-

bution in a composite of two translucent layers with three opaque
radiation shields was calculated independently using the method in
Ref. 9, where a steady-state analysis was developed for a compos-
ite of alternate translucentand opaque layers. The transient results
are approachingthat limit. The radiation shields are fairly effective
for decreasing radiative transmission effects as would be desirable
in ceramics used for protection from a high-temperature environ-
ment such as a liner in a turbine engine combustion chamber. The
steady-state heat flow in Fig. 6 is somewhat reduced from that in
Fig. 5.

Conclusions

A method was developed combining a Green’s function solution
and finite differences for transient thermal analysis of a composite
incorporatingtranslucentceramic layersin a high-temperatureenvi-
ronment. This is a possibledesign for a ceramic linerin a turbine en-
gine combustion chamber. The translucent layers can be combined
in the composite with thin metal layers used for surface protection,
internal and external radiation shielding, and structural reinforce-
ment. For the radiativeheatingand transportin the translucentlayers,
the two-flux equations were solved with a Green’s function to ob-
tain a radiative internal heat source in the transientenergy equation.
The Green’s function analytically incorporates the radiative reflec-
tive boundary conditions for the translucentlayer with and without
metal layers at its boundaries. A finite difference method was used to
solve the transientenergy equation. Finite difference relations were
derived to include radiative effects at the ceramic—metal interfaces
and at the external boundariesand to include the heat capacity of the
thin metal layers. The transient temperature distributionsconverged
very well toward steady-state values obtained by an independent
method.

The transient thermal behavior for heating a translucentlayer by
radiation and convection is compared with a layer without inter-
nal radiation effects, but with radiative absorption and reflection at
its external surfaces. The effects of radiation shields at the exter-
nal surfaces and inside the translucentmaterial are demonstrated on
transientheating, steady-statetemperaturedistributions,and steady-
state heat transfer through the composite. Translucence decreases
transient temperature gradients and reduces the response of the ma-
terial near the high-temperaturesource. A radiationshield at the hot
side is effective in reducing temperature levels. A single shield at
the cooled side increases retention of incident energy from the en-
vironment on the hot side. This raises temperatures compared with
a translucentlayer without a shield on its cooled side.

Appendix A: Green’s Functions

Solutions for Eq. (6) in analytical form, which satisfy boundary
conditions such as Egs. (5a) and (5b), can be obtained by deriving
Green’s functions. There are three different cases for the translucent
layers in the composites in Fig. 1. Case 1 is for both boundaries of
the translucentlayer exposed directly to the environment. Case 2 is
for a translucent layer exposed to the environment on the left side
and with an opaque layer on the right side. Case 3 is for a translucent
layer with an opaque layer on both sides. Green’s functionsin terms
of dimensionless variables have been derived in Refs. 7-9 for these
conditions, and all of Green’s functions have the same algebraic
form with differing coefficients. The form is

81X, 8 =

_sinhm(l — &)+ Bymcoshm(l — &)
denom

X (sinhmX + Bym coshmX) 0<X< ¢ (Ala)

[ sinhmé& + Bym coshmé
8(X, &) =

i|[sinhm(1 - X)

denom
+ Bym coshm(1 — X)] E< X <1 (Alb)
where the denominator term in Eqs. (Ala) and (A1b) is

denom = (1 + BOBlmZ) sinhm + (By + By)m coshm  (A2)
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For case 1 with both boundaries translucent, By and B, are equal
and are given by

By=B =—— " (A3)
3(a+ )6 1—p;
For case 2, By and B are given by

BO = ——p (A4a)

3(a+o)b 1—p;

2 2 — €
B =———— < (Adb)

3(a + o_))(sL €mi

For case 3 with both boundaries opaque, By and B, are equal and
are given by

2 2 — €
3(a + Oj)(i €Emi

BO = Bl = (A5)
The functions g, (X, &) and g,(X, &) accountfor the nonhomoge-

neous term in Eq. (6) in the solution for G(X, v) at each time. The

homogeneous solution must be added to this to obtain the complete

solution. For case 1, the homogeneous solution is given by’

11— Po

1 — p; denom

G, (X) = {[sinhm(1 — X)

+ Bym coshm(1 — X)1G,, + [sinhmX + Bym coshmX1q,,}
(A6)
For cases 2 and 3, the homogeneous solution has the same form®?:
G, (X, v) = C(v) coshmX + D(v) sinhmX (A7)

For case 2, the coefficients are given by

C(v) = [R(,(sinhm + Bym coshm)g,
denom
+ Bymn*t}(X =1, v)] (A8a)
C(v) —4R,q,
D(v) = C(v) = 4RoGr1 (A8b)
Bym

For case 3, the coefficients are found from

C(v) = [(sinhm + Bym coshm)n’t} (X = 0, v)
denom
+ Bymn?*tH(X =1, U)] (A9a)
C(v) —4n’t}(X =
D(v) = (v) 1 ( 0,9) (A9b)

Bom

Appendix B: Finite Difference Relations

The temperature distributionsare advancedeachA v with explicit
finite difference relations. For an interior point at grid position j in
the translucent material in Fig. 2a, Eq. (1) gives

NA v A vdog,

tone1 = tn + =St = 21— 10) = T 3x ,- (BD)

Sn

where n refers to the time increment.

To develop boundary relations for case 1, Eq. (B1) is applied
at each external boundary, j =0 and J (Fig. 2a without opaque
layers). The boundary conditions in Egs. (3a) and (3b) are used to
eliminate the resulting unknown external temperature on each side
(at j=—1 and J + 1) according to the following development. At
X =0, where j =0, Eq. (B1) gives

A v
ticons1 =tj=on+ W(t.fz tn = 2tj—on Hti=—1a)
A v0ogq,
_ B2a
4 0X im0 ( )

where t; __; , is found from the boundary condition Eq. (3a) as
ti— in=tj—1n + @A X/2NYH (ty — tj—o0) (B2b)

Similarly at X =1,

N.A v
tmsnet = limint S Win = 2+t - 1)
A vog,
et L B3a
4 0X (B3a)

j=Jn
where t, ;| , is found from

typin =ti—10+ @A XI2ZN)Hy (2 — 1y,) (B3b)

Forcase 2, Eq. (B2) appliesat X = 0, where the translucentbound-
ary is directly exposed to the environment. At X =x/J. =1, the
translucentlayer is in contact with a thin metal layer that has a tem-
peraturedistributionassumed to be uniform throughoutits thickness
at each time. At this internal interface, such as at point J in Fig. 2a,
the temperaturesare equal for the translucentmaterial and the metal.
The finite difference relation at j = J is developed by considering
the half-elementA x/2 asin Fig. 2a. The energy entering the translu-
cent layer from the opaque layer was considered in the boundary
condition Eq. (4b). The heat balance for the translucent element
includes heat conduction from the adjacent translucent material, ra-
diative absorption and emission at both metal surfaces, convection
to the external surface of the metal, the volumetric radiative heat
source in the half-incrementof the translucent layer adjacent to the
interface, the heat capacity of the thin metal layer, and the heat ca-
pacity of the half-increment of the translucent material adjacent to
the interface. The individual terms are developed as follows. For
time incrementA 6, the change in heat capacity of the thin metal
layer and the adjacent half-increment of the translucent material is

[chc(A x/ 2) + PmCm 6m](TJvn+l - Tl,n)

The heat addition to the element by heat conduction from the ad-
jacent translucent material and by convection and radiation at the
external metal boundary is

[(ke/ A x)(Ty 10 = Ty) + 1o (T2 = Tr.0) + €molgs — T3, ) ]2 6

The radiative internal heat source in the half-elementof the translu-
cent material is
Ax 0q,

iy W 2
2 ox

x=68 —Ax/4

The radiative energy absorbed at the inside surface of the opaque
wallis equal to the net radiative flux in the x direction (the difference
between incident and leaving fluxes). This is obtained from the
boundary conditionin Eq. (5b) and the relation between G and g, as

1 0G(x, 6)
(%, 0)4 0 = 77— 4
3ato) Ox | _,
. G(6.,0
G | GO .o lae
2 — €mi 2 L

Using these terms to form a heatbalance and then placing the results
in dimensionless form yields the finite difference equation at grid
point J:

AX 5, N,
tin+1 =1 +14v T +Cmc3 A_X(tlfl,n _tJ,n)

H2 €mo (~ 4
+ T(th — )+ T(qu - fj,,)

1 (G, A X 8§,
+ <—’ - nztjn> - —i‘ (B4)
2R, \ 4 8 ox| ..
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For case 3, which applies for Figs. 1c and 1d, a relation must
be written for the first grid point at the interface of the translucent
material with the thin metal layer at X =0 and if there are two
translucent layers, for the temperature at and within the internal
metal layer. Similar to Eq. (B4), the relationat X =0 is

f =ty,+|A AX+C On Ne t f
On+1 — *0,n v ) me 6L A X( Ln Ovn)

Hl €mo (~ 4
+T(tgl - tO,n) + 4 (qu - t()vy,)

(BS)

1 (Gow ., AXogl,
—_—n tOn e — —
2R, \ 4 8 0X

A X4

where —0g 1,/ 60X is the radiativeheat source in the translucentlayer
on the leftin Fig. 1d. For the opaque layer between two translucent
layers, it is necessary to include absorption and emission from both
sides of the metal, the radiative volumetric heat sources in the half-
increments of the translucent layers on both sides, and the heat
capacity of these half-incrementsand of the metal. By the use of the
ideas in the preceding derivation, this yields the relation

tl,n+l =tk:0,n+l =tl,n + [A U/(A X+C"“%>]

N, 2y by AXOEL
X | =z Uy—1n = 2ln k=1n) — T o TAav
A 8 oX 1-AX/4
1 (G4 Gicon A X 0G2,
+_< J, k=0, _thin> _ q (B6)
Ro 8 8 oX | ..

where g1, and g2, are in the translucentlayers on the left and right
sides of the internal opaque layer.
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